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An analysis is performed to explore the characteristics of heterogeneous-homogeneous processes for the
steady three-dimensional flow of Burgers fluid over a bidirectional stretching surface. In this paper, we
utilized the advanced model of a homogeneous-heterogeneous reactions with equal diffusivities for reac-
tant and autocatalysis. Additionally, heat transfer analysis is carried out in the presence of nonlinear ther-
mal radiation and convective boundary conditions. The basic governing non-linear problem is presented
and reduced into self-similar form with the aid of suitable similarity approach. The advanced non-linear
problem is then tackled analytically by employing the homotpy analysis method (HAM). The effective-
ness of relevant physical parameters on temperature and concentration profiles are taken into consider-
ation. It is evident from the graphs that the concentration distribution diminishes by uplifting the
homogeneous process parameter while it enhances for strength of Schmidt number. Moreover, it is
observed that the surface heat transfer rate enhances for larger values of the Prandtl number.
 2016 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).Introduction drical domains. Khan and Khan [5] addressed heat and mass trans-In the recent years, the investigations of non-Newtonian liquids
have become relatively ubiquitous in industry and engineering.
Particularly such liquids are encountered in certain oils, exotic
lubricants, polymer solutions, paints, suspension and colloidal solu-
tions, cosmetic and clay coating products. The basic Navier-Stokes
equations are not appropriate to describe the diverse physical
structures of non-Newtonian fluids. As a consequence, different
types of non-Newtonian models have been proposed according to
various characteristics of non-Newtonian fluids. Amongst the
non-Newtonian fluids, the rate type fluids are those which take into
account the elastic and memory impacts. The Maxwell and
Oldroyd-B fluids are the simplest subclasses of the rate type fluids;
however, these fluids models do not exhibit rheological properties
of many real fluids such as asphalt in geomechanics and cheese in
food products. A thermodynamic framework has been put into
place to develop the one-dimensional rate type model known as
the Burgersmodel [1]. The Burgersmodel has been adequately used
to delineate the motion of the earth’s mantle. The Burgers model is
a favored model to portray the response of asphalt and asphalt con-
crete [2]. Moreover, this model is mostly used to model other geo-
logical structures, such as Olivine rocks [3]. Fetecau et al. [4] studied
the longitudinal oscillation of a generalized Burgers fluid in cylin-fer analysis of the Burgers fluid over a stretching surface in the
presence of heat generation/absorption by utilizing the Buon-
giorno’s model. Their perceptions showed that with enhancement
in the thermophoresis and Brownian motion parameters the tem-
perature field was enhanced; however, reverse behavior seemed
for the concentration field. Khan and Khan [6] discussed the steady
flow of generalized Burgers fluid by utilizing the Buongiornomodel.
Their secured results displayed that the temperature profile was
enhanced with the Brownian motion and thermophoresis parame-
ters. Khan et al. [7] studied the impact of mass flux conditions on
the 3D flow of Burgers nanofluid over a bidirectional stretching sur-
face in the presence of non-linear thermal radiation and heat gen-
eration/absorption. Hayat et al. [8] investigated the effectiveness
of Robin’s type condition on Burgers nanofluid at the stretching sur-
face. Recently, Waqas et al. [9] discussed the impact of Cattaneo-
Christov heat flux model on generalized Burgers fluid in the pres-
ence of variable thermal conductivity.
Recently, the engineers and scientists are keen on scrutinizing
the liquidflows in presence of chemical reaction. Chemical reactions
can be classified as either homogeneous or heterogeneous process
depending on whether they occur in bulk of the fluid or occur on
some catalytic surfaces. A homogeneous reaction occurs consis-
tently in the whole given phase while the heterogeneous reaction
takes place in a restricted region or within the boundary of a phase.
Besides, there are numerous chemically reacting systems involving
W.A. Khan et al. / Results in Physics 6 (2016) 772–779 773both homogeneous and heterogeneous reactions such as, catalysis,
biochemical systems and combustion. In addition, the relationship
amongst homogeneous and heterogeneous reactions associated
withdevelopment andutilizationof reactant species at various rates
both inside the liquid and on the catalytic surfaces is generally
exceptionally intricate. Merkin [10] presented the model for
homogeneous-heterogeneous reactions in boundary layer flow of
viscous fluid over a flat plate. Bachok et al. [11] discussed the anal-
ysis of homogeneous--heterogeneous reactions on stagnation-point
flow past a stretching sheet. Khan and Pop [12] discussed impact of
homogeneous-heterogeneous reactions in the flow of viscoelastic
fluid past a stretching sheet. Kameswaran et al. [13] addressed the
impact of homogeneous-heterogeneous reactions on nanofluid flow
due to porous stretching sheet. Hayat et al. [14] analyzed the
stagnation point flow with Cattaneo-Christov heat flux and
homogeneous-heterogeneous reactions. Impact of chemical pro-
cesses on 3D Burgers fluid utilizing Cattaneo-Christov double-
diffusion has been studied by Khan et al. [15].
The demand for the provision of energy is growing faster
because of population explosion and technological advancements
and the trend is likely to continue in future worldwide. It is, there-
fore, important to go for some reliable, cost effective and everlast-
ing renewable energy source for energy demand arising in future.
Solar energy is probably one of the most reliable sources of energy
that can meet the current energy requirements and is a promising
and freely available energy source for managing long term issues in
energy crisis. Moreover, solar industry is developing steadily all
over the world because of the high demand for energy while major
energy source, fossil fuel, is limited and other sources are expen-
sive. It has become a tool to develop economic status of developing
countries and to sustain the lives of many underprivileged people
as it is now cost effective after a long aggressive researches carried
out to expedite its development. The solar industry would defi-
nitely be a best option for future energy demand since it is superior
in terms of availability, cost effectiveness, accessibility, capacity
and efficiency compared to other renewable energy sources. The
energy obtained from nature in the form of solar radiations can
be directly transformed into heat and electricity. Furthermore,
the thermal regulation in human blood flow by means of thermal
radiation is very significant in several medical treatments formus-
cle spasm, myalgia, chronicwide-spread pain and permanent
shortening of muscle. Cortell [16] discussed the fluid flow and
radiative nonlinear heat transfer over stretching sheet. Sakiadis
flow with nonlinear Rosseland thermal radiation has been studied
by Pantokratoras and Fang [17]. A numerical study for nonlinear
radiative heat transfer in the flow of nanofluid due to solar energyu
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BBBBBBBBBBBB@is presented by Mushtaq et al. [18]. Hussain et al. [19] focused on
the non-linear radiation effects in mixed convection stagnation
point flow along a vertically stretching surface. Atlas et al. [20]
securitized the impacts of active and zero flux of nanoparticles
between a squeezing channel in the presence of thermal radiation.
Based on the above inspirations, the principal enthusiasm of the
present work is to explore the characteristics of the homogeneous-
heterogeneous reaction for steady three-dimensional flow of Burg-
ers fluid over a bidirectional stretching surface. Additionally, heat
transfer analysis is carried out in the presence of non-linear ther-
mal radiation. The governing equations are transformed into non-
linear coupled ordinary ones which depend on governing
parameters. The analytical solutions of the emerging non-linear
problem are elaborated by employing an efficient homotpy analy-
sis method (HAM) [21–25]. Furthermore, the homotpy analysis
method does not require any small/large parameters in the prob-
lem. It gives us a way to verify the convergence of the developed
series solutions. It is also useful in providing incredible flexibility
in the developing equation type of linear functions of solutions.
Graphical results for the temperature and concentration distribu-
tions are presented and discussed in detail.
Problem formulation
We consider the steady three-dimensional forced convective
flow of an incompressible Burgers fluid. The sheet is stretched
along x- and y-directions with velocity u ¼ cx and v ¼ dy respec-
tively, in which c; d > 0 are constants and flow takes place in
domain z > 0. An assumption is made that the sheet is in contact
with a hot fluid at temperature Tf which provides a heat transfer
coefficient hf . In addition, flow analysis is carried out subject to
homogeneous-heterogeneous reactions. The homogeneous reac-
tion for cubic autocatalysis can be expressed as follows:
Aþ 2B ! 3B; rate ¼ kcab2; ð1Þ
while first-order isothermal reaction on the catalyst surface is intro-
duced in the form
A! B; rate ¼ ksa; ð2Þ
where a and b are concentrations of chemical species A and B and
ðkc; ksÞ are the rate constants. Here it is assumed that both reaction
processes are isothermal and far away from the sheet at the ambi-
ent fluid, there is a uniform concentration a0 of reactant A and there
is no autocatalyst B. Under the above assumptions, the boundary
layer equations governing the problem are written as:z
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The appropriate boundary conditions of the present problem
are
u ¼ cx; v ¼ dy; w ¼ 0;k @T
@z
¼ hf ½Tf  T; DA @a
@z
¼ ksa;
DB
@b
@z
¼ ksa at z ¼ 0; ð8Þ
u ! 0; @u
@z
! 0; v ! 0; @v
@z
! 0; T ! T1;
a ! a0; b! 0 as z !1; ð9Þ
in which ðu; v ; wÞ represent the components of velocityalong x-, y-
and z-directions, respectively, k1 and k3 ð< k1Þ the relaxation and
retardation times, respectively, k2 ð< k1k3Þ the material parameter
of the Burgers fluid, m ð¼ lqf Þ the kinematic viscosity, T1 the ambient
fluid temperature, a1 ð¼ kðqcÞf Þ the thermal diffusivity, qf the fluid
density, cf the specific heat of fluid at constant temperature, k the
thermal conductivity, qr the radiative heat flux and ðDA; DBÞ the dif-
fusion species coefficients of A and B, respectively:
By utilizing the Rosseland approximation for radiation, the
radiative heat flux qr is simplified as
qr ¼ 
4r
3k
@T4
@z
¼ 16r
T3
3k
@T
@z
; ð10Þ
where r and k are the Stefan-Boltzmann constant and mean
absorption coefficient, respectively. It should be noted that unlike
classical cases the nonlinear form of thermal radiation is considered
here. Moreover, the thermal radiation effect in the linearized Rosse-
land approximation is a simple rescaling of the Prandtl number by a
factor involving the radiation parameter. In view of Eq. (10), energy
Eq. (5) becomes
u
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: ð11ÞIntroducing the dimensionless velocities, temperature, concen-
trations and variable g as:
uðx; yÞ ¼ cxf 0ðgÞ; vðx; yÞ ¼ cyg0ðgÞ; w ¼  ﬃﬃﬃﬃﬃcmp ½f ðgÞ þ gðgÞ
hðgÞ ¼ T  T1
Tf  T1 ; a ¼ a0/ðgÞ; b ¼ a0hðgÞ; g ¼ z
ﬃﬃﬃ
c
m
r
:
ð12Þ
In perspective of Eq. (12), Eqs. (3)–(4), (6)–(9) and (11) are
reduced to the following boundary value problems:
f 000 þ ðf þ gÞf 00  f 02 þ b1½2ðf þ gÞf 0f 00  ðf þ gÞ2f 000
þ b2½ðf þ gÞ3f iv  ðf þ gÞ2f 00ðf 00 þ g00Þ  2ðf þ gÞ2ðf 00Þ2
 2ðf þ gÞðf 0 þ g0Þf 0f 00  2g0ðf þ gÞ3f 000
þ b3½2ðf 00 þ g00Þf 00  ðf þ gÞf iv  ¼ 0; ð13Þ
g000 þ ðf þ gÞg00  g02 þ b1½2ðf þ gÞg0g00  ðf þ gÞ2g000
þ b2½ðf þ gÞ3giv  ðf þ gÞ2g00ðf 00 þ g00Þ  2ðf þ gÞ2ðg00Þ2
 2ðf þ gÞðf 0 þ g0Þg0g00  2f 0ðf þ gÞ3g000 þ b3½2ðf 00 þ g00Þg00
 ðf þ gÞgiv  ¼ 0; ð14Þ
f1þ Rdð1þ ðhf  1ÞhÞ3gh0
h i0
þ Prðf þ gÞh0 ¼ 0; ð15Þ
1
Sc
/00 þ ðf þ gÞ/0  k1/h2 ¼ 0; ð16Þ
d
Sc
h00 þ ðf þ gÞh0 þ k1/h2 ¼ 0; ð17Þ
f ð0Þ ¼ 0; gð0Þ ¼ 0; f 0ð0Þ ¼ 1; g0ð0Þ ¼ a;
h0ð0Þ ¼ c½1 hð0Þ; /0ð0Þ ¼ k2/ð0Þ; dh0ð0Þ ¼ k2/ð0Þ; ð18Þ
f 0 ! 0; f 00 ! 0; g0 ! 0; g00 ! 0; h! 0; /! 1; h
! 0 as g!1; ð19Þ
where b1; 3 ð¼ k1; 3cÞ and b2 ð¼ k2c2Þ are the Deborah numbers, a
ð¼ dcÞ the ratio of stretching rate parameter, Rd ¼ 4r
T31
3kk
 
the radia-
tion parameter, hf ¼ TfT1
 
the temperature ratio parameter, Pr
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 
the Prandtl number, c ¼ hfk
ﬃﬃm
c
p 
the Biot number, d ¼ DBDA
 
the ratio of diffusion coefficient, Sc ð¼ mDAÞ the Schmidt number
and ðk1; k2Þ the measure of the strength of homogeneous and
heterogeneous reactions, respectively.
Here it is assumed that diffusion coefficients of chemical species
A and B are of a comparable size. This leads to make a further
assumption that the diffusion coefficients DA and DB are equal,
i.e. d ¼ 1 and thus
/ðgÞ þ hðgÞ ¼ 1: ð20Þ
Now Eqs. (16) and (17) yield
1
Sc
/00 þ ðf þ gÞ/0  k1ð1 /Þ2/ ¼ 0; ð21Þ
with the boundary conditions
/0ð0Þ ¼ k2/ð0Þ; / ! 1 as g!1: ð22Þ
From physical point of view, an important characteristic of flow
is the local Nusselt number Nux which can be characterized as
Nux ¼  xðTf  T1Þ
@T
@z
 
z¼0
þ xqr
kðTf  T1Þ : ð23ÞFig. 1. Geometry of the problem.
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Fig. 2. The temperature profiles hðgÞ for different values of the thermal radiatThe aforementioned dimensionless variables reduce the above
quantity in the following form
Re 1
2
Nux ¼  1þ 43 fRd1þ ðhf  1Þhð0Þg
3
 	
h0ð0Þ; ð24Þ
in which Re ¼ cx2=m is the local Reynolds number.Homotopic solutions
The set of coupled non-linear differential Eqs. (13)–(15) and
(21) subjected to the boundary conditions (18), (19) and (22) are
tackled analytically by utilizing the homotopy analysis method
(HAM). To emanate with such method, it is indispensable to define
the initial guesses and linear operators. For such an analytic solu-
tion, the appropriate initial guesses and linear operators for the
momentum, energy and concentration equations are chosen as
follows:
f 0ðgÞ ¼ 1 eg; g0ðgÞ ¼ að1 egÞ; h0ðgÞ ¼
c
1þ c e
g;
/0ðgÞ ¼ 1
1
2
ek2g; ð25Þ£f ½f ðgÞ ¼ f 000  f 0; £g ½gðgÞ ¼ g000  g0; £h½hðgÞ ¼ h00  h;
£/½/ðgÞ ¼ /00  /: ð26ÞAnalysis of results
The principal emphasis of this section is to interpret the physi-
cal characteristics of the homogeneous-heterogeneous reactions
for the three-dimensional steady flow of Burgers fluid over a bidi-
rectional stretching surface in the presence of non-linear thermal
radiation and convective boundary conditions. Further, the physi-
cal interpretation to the behaviors of embedded parameters like,
the thermal radiation parameter Rd, temperature ratio parameter
hf , Prandtl number Pr, Biot number c; Deborah numbers b1, b2
and b3, the ratio of stretching rates parameter a; homogeneous
reaction parameter k1 and Schmidt number Sc are analyzed
through graphs for the temperature and concentration distribu-
tions (Fig. 1).η
θ(
η
)
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0
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(b)
β1 = 0.5, β2 = 0.2, β3 = 0.45 , Rd = 0.3
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ion parametr Rd (panel- a) and temperature ratio parametr hf (panel- b).
776 W.A. Khan et al. / Results in Physics 6 (2016) 772–779The impinging of the thermal radiation parameter Rd and tem-
perature ratio parameter hf on the temperature distribution is por-
trayed through Fig. 2(a, b). These figures elucidate that higher
estimations of the thermal radiation and temperature ratio param-
eters have the tendency to enhance both the temperature profile
and associated thermal boundary layer thickness. This is due to
the fact that increment in the radiation parameter results in a
decrease in the mean absorption coefficient. Hence the rate of
radiative heat transfer to the fluid enhances. Moreover, increasing
values of the temperature ratio parameter indicates that the fluid
temperature Tf is much higher than the ambient temperature T1
which increases the thermal state of the fluid and results in an
increase in the temperature profile. Additionally, it is straightfor-
ward clear from energy Eq. (15) that effective thermal diffusivityη
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Fig. 4. The concentration profiles /ðgÞ for different values of the Deis the sum of classical thermal diffusivity ða1Þ and thermal diffusiv-
ity due to the radiation effect. Thus we perceive that the tempera-
ture ratio parameter, being the coefficient of the later term, would
support the thermal boundary layer thickness. In other words, the
wall temperature gradient approaches zero value when wall to
ambient temperature ratio is sufficiently large.
Fig. 3(a, b) demonstrate the impact of the Prandtl number Pr
and Biot number c on the temperature profile. An increase in the
Prandtl number corresponds to a decrease in thermal diffusivity
which thereby increases variations in the thermal characteristics
and decreases the fluid temperature and associated thermal
boundary layer thickness while Biot number has an inverse impact
on the temperature profiles. Furthermore, Biot number is the ratio
of convection at the surface to conduction within the surface ofη
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increases, temperature at the surface increases. This result in an
increase in the thermal boundary layer thickness.
To exhibit the effect of the Deborah numbers b1 and b2 on non-
dimensional concentration profile, we have plotted Fig. 4(a,b).
These figures put in confirmation that the effects of increasing
the Deborah numbers b1 and b2 is to diminishes the concentration
profile while the opposite behavior is observed for the associated
concentration boundary layer thickness and this is due to increase
in the relaxation times k1; 2 .
Fig. 5(a,b) portray the variation of the concentration profile in
response to a change in the values of the Deborah number b3
and ratio of stretching rate parameter a, respectively. It is antici-
pated from these figures that there is a rise in the concentration
distribution while associated thermal boundary layer thickness
diminishes with the increment in Deborah number b3 and ratio
of stretching rate parameter a. Moreover, for increasing values ofη
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Fig. 6. The concentration profiles /ðgÞ for different values of the homogeneothe stretching ratio parameter, stretching along y-direction
increases which causes the concentration to increase.
Fig. 6(a,b) elucidate the variations in concentration field for var-
ious values of measure of the strength of homogeneous reaction
parameter k1 and Schmidt number Sc. Fig. 6(a) examines that the
concentration profile decreases by uplifting the homogeneous
reaction parameter k1 while the associated concentration bound-
ary layer thickness builds up for higher homogeneous reaction
parameter. Physically this is because of the fact that the reactants
are consumed during homogeneous reaction which causes the con-
centration profile to decrease. Furthermore, as expected, it is clear
that with increasing values of the Schmidt number the concentra-
tion profile enhances while the associated concentration boundary
layer thickness diminishes. In fact Schmidt number is the ratio of
viscous diffusion rate to molecular diffusion rate. Therefore higher
values of the Schmidt number correspond to higher viscous diffu-
sion rate which in turn increases the fluid concentration.η
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Table 2
Variations of the Local Nusselt number with Rd ; hf ; c and Pr when b1 ¼ 0:5; a ¼ 0:5;
b2 ¼ 0:2 and b3 ¼ 0:45 are fixed.
Rd c Pr hf Re 12Nux
0.2 0.3 1.4 0.4 0.305214
0.4 0.294211
0.6 0.21419
0.2 0.345497
0.4 0.332753
0.6 0.32934
0.9 0.365217
1.3 0.420642
1.7 0.451723
0.1 0.467381
0.3 0.43638
1.7 0.419536
Table 1
A comparison for the velocity gradients for different values of a when b1 ¼ b2 ¼ b3 ¼ 0 are fixed.
a HPM result [26] HPM result [26] Exact result [26] Exact result [26] Present result Present result
f0 0(0) g0 0(0) f0 0(0) g0 0(0) f0 0(0) g0 0(0)
0.0 1.0 0.0 1.0 0.0 1.0 0.0
0.1 1.02025 0.06684 1.020259 0.066847 1.02026 0.06685
0.2 1.03949 0.14873 1.039495 0.148736 1.03949 0.14874
0.3 1.05795 0.24335 1.05794 0.243359 1.05795 0.24336
0.4 1.07578 0.34920 1.075788 0.349208 1.07578 0.34921
0.5 1.09309 0.46520 1.093095 0.465204 1.09309 0.46521
0.6 1.10994 0.59052 1.109946 0.590528 1.10994 0.59053
0.7 1.12639 0.72453 1.126397 0.724531 1.12639 0.72453
0.8 1.14248 0.86668 1.142488 0.866682 1.14249 0.86668
0.9 1.15825 1.01653 1.158253 1.016538 1.15826 1.016538
1.0 1.17372 1.17372 1.173720 1.173720 1.17372 1.17372
778 W.A. Khan et al. / Results in Physics 6 (2016) 772–779Table 1 depicts a comparison of the numerical values for the
velocity gradients f 00ð0Þ and g00ð0Þ with previously published
results in the absence of non-Newtonian effects. We found an
excellent agreement of the present results with existing ones. This
proves the validity of the current study along with the excellent
accuracy of the homotopy analysis method. Table 2 presents the
impact of various emerging physical parameters for the local Nus-
selt number. It is evident that the heat transfer rate is enhanced
with an increase in Prandtl number. Furthermore, it is also
observed that an increase in the thermal radiation parameter, Biot
number and temperature ratio parameter declines the rate of heat
transfer.
Concluding remarks
We have formulized the problem of steady three-dimensional
flow of Burgers fluid induced by bidirectional stretching sheet. In
the energy equation the radiative heat flux term was introduced
by using the nonlinear Rosseland approximation. Analysis further
focused on the convective boundary conditions. Additionally, anal-
ysis has been performed in the presence of homogeneous-
heterogeneous reactions. The homotpy analysis method (HAM)
has been used to solve the dimensionless governing equations for
this investigation. The physical explanations about the obtained
results were encapsulate in previous section and the main findings
of the present study are given below:
 An increase in the thermal radiation and temperature ratio
parameters manifested an enhancement in the fluid
temperature.
 The concentration distribution was reduced for the higher val-
ues of the Deborah numbers b1 and b2 while the opposite
behavior was observed for concentration boundary layer
thickness. It was anticipated that the concentration distribution was
enhanced for the higher values of the Deborah number b3 and
ratio of stretching rate parameter a:
 Opposite behaviors of homogeneous reaction parameter and
Schmidt number were observed for the concentration profile.Acknowledgment
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